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Higher derivative theories of gravity are associated with a mass scale to insure the correct di-
mensionality of the covariant derivatives. This mass scale is known as the scale of non-locality. In
this paper, by considering a higher derivative toy model, we show that for a system of n parti-
cles the effective mass scale is inversely proportional to the square root of the number of particles.
We demonstrate that as the number of particles increases the corresponding effective mass scale
associated with the scattering amplitude decreases.
I. INTRODUCTION
Modified theories of gravity are expedient approach to
resolve some of the problems of the Einstein theory of
general relativity [1]. Modifying general theory of rela-
tivity can be done in numerous ways. For instance, it
is possible to generalise the Einstein Hilbert action by
writing a power series for the scalar curvature. This ap-
proach is known as f(R) gravity [2]. It is also natural to
add higher order curvatures to the gravitational action,
examples of this modification are best known by Love-
lock gravity [3] or Gauss-Bonnet gravity, which is the
simplified version of the Lovelock gravity. In addition to
these modifications, one can consider higher derivative
actions. In these cases one can act covariant derivatives
on the curvature.
Recently, inspired by string field theory, [4] proposed
a gravitational action where the Einstein-Hilbert action
is modified by adding higher order terms where infinite
number of covariant derivatives act on scalar curvature,
Ricci and Riemann tensors. Such type of action is allowed
by general covariance. It has been shown that such action
provides interesting features; for instance such theory is
shown to be ghost-free, or that it prevents singularity.
Different aspects of this theory were studied in [5–9].
Inspired by such gravitational theory, it is always pos-
sible to construct a toy model where the action contain
scalar fields rather than Riemannian tensors. In this case,
we are going to keep the covariant derivatives and oper-
ate them on the scalar fields. Such approach simplifies
the action essentially and hence studying the properties
of the higher derivative theories would be easier. Some of
the features of such toy model were explored extensively
in [10–12].
Scattering amplitude plays a crucial rule in quantum
field theory (QFT). It is possible to obtain the S-matrix
from the scattering amplitude and extract information
about probability amplitude and the cross sections of var-
ious interactions [13]. Moreover, in the limit of large cen-
ter of mass energy one can use eikonal approximation to
obtain the behaviour of scattering amplitude [14]. Simi-
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lar analysis was done in [11] to show that in the context
of infinite derivative.
Previously it has been shown that, in a scattering
event, as the number of particles increases the scattering
amplitude becomes more exponentially suppressed [11].
In this paper we demonstrate that the amplitude is as-
sociated to an effective mass scale. The effective mass
scale Meff satisfies, for large n, Meff ∼ M/
√
n, where
M is the mass scale (i.e. scale of non-locality) and n is
the number of particles.
II. SCALE OF NON-LOCALITY
We want to find the scale of non-locality for a system
of n particles. Let us consider the scalar toy model
S = Sfree + Sint , (1)
where
Sfree =
1
2
∫
d4x (φa()φ) (2)
and
Sint = λ
∫
d4x (φφa()φ) . (3)
We choose
a() = e−/M2 , (4)
where M is the mass scale at which the non-local modi-
fications become important. The propagator in momen-
tum space is then given in Euclidean space by
Π(k2) =
−i
k2ek¯2
, (5)
where barred 4-momentum vectors denote k¯ = k/M . The
vertex factor for the three incoming momenta k1, k2, k3,
which satisfies the following conservation law,
k1 + k2 + k3 = 0 , (6)
is given by
λV (k1, k2, k3) = −iλ
[
k21(e
k¯22 + ek¯
2
3 ) + k22(e
k¯23
+ek¯
2
1 ) + k23(e
k¯21 + ek¯
2
2 )
]
. (7)
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2FIG. 1: The tree-level 6-point scattering diagram. The
external momenta in the middle are p5 and p6.
We shall note that at large momenta the dressed prop-
agator goes as [11]
Π˜(k2) ≈ (1 + 4k¯−2)−1 e− 3k¯
2
2 . (8)
Suppose we have a tree-level 6-point scattering ampli-
tude. We have that
iM = λ4V (p1, p2,−p1 − p2)V (p3, p4, p1 + p2 + p5 + p6)
× V (p1 + p2, p5,−p1 − p2 − p5)
× V (p1 + p2 + p5, p6,−p1 − p2 − p5 − p6)
× i
(p1 + p2)2e(p¯1+p¯2)
2
1
(p1 + p2 + p5)2e(p¯1+p¯2+p¯5)
2
× 1
(p1 + p2 + p5 + p6)2e(p¯1+p¯2+p¯5+p¯6)
2 . (9)
We have, from conservation of momentum, that,
p1 + p2 + p3 + p4 + p5 + p6 = 0 . (10)
Suppose we have n vertices in the tree-level diagram
and we want to find Meff. From Eq. (9), we have,
M = λ4
{[
p21(e
p¯22 + e(p¯1+p¯2)
2
) + p22(e
p¯21 + e(p¯1+p¯2)
2
)
+(p1 + p2)
2(ep¯
2
1 + ep¯
2
2)
]
×
[
p23(e
p¯24 + e(p¯1+p¯2+p¯5+p¯6)
2
) + p24(e
p¯23 + e(p¯1+p¯2+p¯5+p¯6)
2
)
+(p1 + p2 + p5 + p6)
2(ep¯
2
3 + ep¯
2
4)
]
×
[
p25(e
(p¯1+p¯2)
2
+ e(p¯1+p¯2+p¯5)
2
)
+ (p1 + p2)
2(ep¯
2
5 + e(p¯1+p¯2+p¯5)
2
)
+(p1 + p2 + p5)
2(ep¯
2
5 + e(p¯1+p¯2)
2
)
]
×
[
p26(e
(p¯1+p¯2+p¯5)
2
+ e(p¯1+p¯2+p¯5+p¯6)
2
)
+(p1 + p2 + p5)
2(ep¯
2
6 + e(p¯1+p¯2+p¯5+p¯6)
2
)
+(p1 + p2 + p5 + p6)
2(ep¯
2
6 + e(p¯1+p¯2+p¯5)
2
)
]}
× 1
(p1 + p2)2e(p¯1+p¯2)
2
1
(p1 + p2 + p5)2e(p¯1+p¯2+p¯5)
2
× 1
(p1 + p2 + p5 + p6)2e(p¯1+p¯2+p¯5+p¯6)
2 . (11)
If we expand Eq. (11), we shall get terms of the form,∑
(polynomial in p)e
∑
(polynomial in p)/M2 , (12)
coming from the vertices.
Suppose now that we dress the four vertices. At suffi-
ciently high loop order n (when n > 4), the exponents in
the dressed vertices become negative. The vertex factors
are:
eα
np¯21+β
np¯22+γ
np¯23 , (13)
where p1, p2, p3 are the incoming vertex momenta. When
the loop order n of the dressed vertices is equal to 4,
that is, n = 4, the exponents for the dressed vertices in
Eq. (13) become negative [10, 11]:
α4 = β4 = γ4 = −11
27
. (14)
Then, going to Euclidean space, we have, for the largest
external momentum contribution, (n = 4),
M′ ∼ e− 11p¯
2
1
27 e−
11p¯22
27 e−
11p¯23
27 e−
11p¯24
27 e−
11p¯25
27 e−
11p¯26
27
× e− 22(p1+p2)
2
27M2 e−
22(p1+p2+p5)
2
27M2 e−
22(p1+p2+p5+p6)
2
27M2
× e− (p1+p2)
2
M2 e−
(p1+p2+p5)
2
M2 e−
(p1+p2+p5+p6)
2
M2
= e−
11p¯21
27 e−
11p¯22
27 e−
11p¯23
27 e−
11p¯24
27 e−
11p¯25
27 e−
11p¯26
27 e−
49(p1+p2)
2
27M2
× e− 49(p1+p2+p5)
2
27M2 e−
49(p1+p2+p5+p6)
2
27M2 . (15)
If |p1| = |p2| = |p3| = |p4| = |p5| = |p6| = |p| and
p1 = p3 = p5 = p, p2 = p4 = p6 = −p, then
M′ ∼ e− 115p¯
2
27 . (16)
Now suppose we have an 8-point tree-level scattering
diagram. Then we have, for the largest external momen-
tum contribution, (n = 4),
M′ ∼ e− 11p¯
2
1
27 e−
11p¯22
27 e−
11p¯23
27 e−
11p¯24
27 e−
11p¯25
27 e−
11p¯26
27 e−
11p¯27
27 e−
11p¯28
27
× e− 22(p1+p2)
2
27M2 e−
22(p1+p2+p5)
2
27M2 e−
22(p1+p2+p5+p6)
2
27M2
× e− 22(p1+p2+p5+p6+p7)
2
27M2 e−
22(p1+p2+p5+p6+p7+p8)
2
27M2
× e− (p1+p2)
2
M2 e−
(p1+p2+p5)
2
M2 e−
(p1+p2+p5+p6)
2
M2
× e− (p1+p2+p5+p6+p7)
2
M2 e−
(p1+p2+p5+p6+p7+p8)
2
M2
= e−
11p¯21
27 e−
11p¯22
27 e−
11p¯23
27 e−
11p¯24
27 e−
11p¯25
27 e−
11p¯26
27 e−
11p¯27
27 e−
11p¯28
27
× e− 49(p1+p2)
2
27M2 e−
49(p1+p2+p5)
2
27M2 e−
49(p1+p2+p5+p6)
2
27M2
× e− 49(p1+p2+p5+p6+p7)
2
27M2 e−
49(p1+p2+p5+p6+p7+p8)
2
27M2 .
(17)
Again, from the conservation of momentum:
p1 + p2 + p3 + p4 + p5 + p6 + p7 + p8 = 0 . (18)
3If |p1| = |p2| = |p3| = |p4| = |p5| = |p6| = |p7| = |p8| =
|p| and p1 = p3 = p5 = p7 = p, p2 = p4 = p6 = p8 = −p,
then
M′ ∼ e− 186p¯
2
27 = e−
62p¯2
9 . (19)
We observe that the 8-point diagram is even more
strongly exponentially suppressed in the UV as compared
to the 6-point diagram.
For a 2n-point tree-level diagram with dressed vertices,
where |pi| = p, i = 1, . . . , 2n, p2j−1 = p, p2j = −p,
j = 1, . . . , n, we have (n ≥ 2)
M′ ∼ e− (22n+49(n−2))p¯
2
27 = e−
(71n−98)p¯2
27 . (20)
We can write the equation above as:
M′ ∼ e−
(
p
Meff
)2
, (21)
where
Meff =
(
27
71n− 98
)1/2
M . (22)
A. External momenta on the external legs
Suppose we have external momenta on the external
legs in a 6-point, tree-level diagram (one on one of the legs
on the left-hand side of the diagram and the other on one
of the legs on the right-hand side of the diagram). Now
we will compute the amplitude M. Employing dressed
vertices, we obtain:
M∼ e− 115p¯
2
27 . (23)
B. Dressing the vertices with 1-loop diagram in the
middle
A 1-loop diagram with external momenta p, −p goes
as e3p¯
2/2 for large external momenta. Adding a 1-loop
diagram in the middle in Fig. 1, where the propagators
and the vertices are both dressed, gives us a scattering
amplitude that goes to zero for large external momenta.
Thus:
M′ ∼ e− 11p¯
2
1
27 e−
11p¯22
27 e−
11p¯23
27 e−
11p¯24
27 e−
11p¯25
27 e−
11p¯26
27 e−
22(p1+p2)
2
27M2
× e− 22(p1+p2+p5)
2
27M2 e−
22(p1+p2+p5+p6)
2
27M2
× e− (p1+p2)
2
M2 e−
2(p1+p2+p5)
2
M2 e
3(p1+p2+p5)
2
2M2 e−
(p1+p2+p5+p6)
2
M2
= e−
11p¯21
27 e−
11p¯22
27 e−
11p¯23
27 e−
11p¯24
27 e−
11p¯25
27 e−
11p¯26
27 e−
49(p1+p2)
2
27M2
× e− 71(p1+p2+p5)
2
54M2 e−
49(p1+p2+p5+p6)
2
27M2 . (24)
If |p1| = |p2| = |p3| = |p4| = |p5| = |p6| = |p| and
p1 = p3 = p5 = p, p2 = p4 = p6 = −p, then,
M′ ∼ e− 203p¯
2
54 . (25)
For a 2n-point tree-level diagram with dressed vertices,
where |pi| = p, i = 1, . . . , 2n, p2j−1 = p, p2j = −p,
j = 1, . . . , n, we have (n ≥ 2)
M′ ∼ e− (44n+98(n−2)−27)p¯
2
54 = e−
(142n−223)p¯2
54 . (26)
We can write the equation above as
M′ ∼ e−
(
p
Meff
)2
, (27)
where
Meff =
(
54
142n− 223
)1/2
M . (28)
C. Dressing both the propagators and the vertices
Suppose we dress both the propagators and the vertices
in Fig 1. We wish to find the behaviour of the scattering
amplitude M′ for large external momenta. We have,
M′ ∼ e− 11p¯
2
1
27 e−
11p¯22
27 e−
11p¯23
27 e−
11p¯24
27 e−
11p¯25
27 e−
11p¯26
27 e−
22(p1+p2)
2
27M2
× e− 22(p1+p2+p5)
2
27M2 e−
22(p1+p2+p5+p6)
2
27M2
× e− 3(p1+p2)
2
2M2 e−
3(p1+p2+p5)
2
2M2 e−
3(p1+p2+p5+p6)
2
2M2
= e−
11p¯21
27 e−
11p¯22
27 e−
11p¯23
27 e−
11p¯24
27 e−
11p¯25
27 e−
11p¯26
27 e−
125(p1+p2)
2
54M2
× e− 125(p1+p2+p5)
2
54M2 e−
125(p1+p2+p5+p6)
2
54M2 . (29)
If |p1| = |p2| = |p3| = |p4| = |p5| = |p6| = |p| and
p1 = p3 = p5 = p, p2 = p4 = p6 = −p, then
M′ ∼ e− 257p¯
2
54 . (30)
For a 2n-point tree-level diagram with dressed vertices,
where |pi| = p, i = 1, . . . , 2n, p2j−1 = p, p2j = −p,
j = 1, . . . , n, we have (n ≥ 2)
M′ ∼ e− (44n+125(n−2))p¯
2
54 = e−
(169n−250)p¯2
54 . (31)
We can write the equation above as:
M′ ∼ e−
(
p
Meff
)2
, (32)
where
Meff =
(
54
169n− 250
)1/2
M . (33)
We observe that Meff decreases as the number of par-
ticles n increases. By dimensional analysis, one can write
down the effective length scale Leff as Leff ∼ M−1eff .
Hence, one can see that the effective length scale Leff
increases as the number of particles n increases.
4III. CONCLUSION
In this paper we considered a scalar field toy model
which is constructed by infinite derivatives and inspired
by infinite derivative gravity. It is possible to recast the
infinite derivative function as e−/M
2
, where we observe
a mass scale due to the d’Alembertian operator’s dimen-
sionality. We have shown for such theory, there exists
an effective mass scale which can be calculated by ob-
taining the relevant scattering amplitude. This effective
mass scale Meff is proportional to the mass scale of the
theory (i.e. scale of non-locality), M, and it is also, for
large n, inversely proportional to the square root of the
number of incoming particles in a scattering event that
is: Meff ∼ M/
√
n to be precise. By dimensional analy-
sis it is possible to relate the mass scale with the length
scale (i.e. [Leff ] = [Meff ]
−1). Since in string theory
one would expect higher curvature term, namely infinite
derivative contribution in curvature from α′ corrections
[15], it would be interesting to see if there is any possi-
ble relation between the effective length scale, Leff , and
string length (the natural length that appears in string
theory), ls (we shall note that α
′ = l2s). However, this
requires one to apply the scattering analysis given in this
paper straight to gravitational theory, which indeed is a
challenging task.
ACKNOWLEDGEMENT
S.T. is supported by a scholarship from the Onassis
Foundation.
[1] T. Clifton, P. G. Ferreira, A. Padilla and
C. Skordis, Phys. Rept. 513, 1 (2012)
doi:10.1016/j.physrep.2012.01.001 [arXiv:1106.2476
[astro-ph.CO]].
[2] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys.
82, 451 (2010) doi:10.1103/RevModPhys.82.451
[arXiv:0805.1726 [gr-qc]].
[3] D. Lovelock, J. Math. Phys. 12, 498 (1971).
doi:10.1063/1.1665613
[4] T. Biswas, A. Mazumdar and W. Siegel, JCAP 0603,
009 (2006) doi:10.1088/1475-7516/2006/03/009 [hep-
th/0508194].
[5] T. Biswas, E. Gerwick, T. Koivisto and A. Mazum-
dar, Phys. Rev. Lett. 108, 031101 (2012)
doi:10.1103/PhysRevLett.108.031101 [arXiv:1110.5249
[gr-qc]].
[6] T. Biswas, A. Conroy, A. S. Koshelev and A. Mazumdar,
Class. Quant. Grav. 31, 015022 (2014) Erratum: [Class.
Quant. Grav. 31, 159501 (2014)] doi:10.1088/0264-
9381/31/1/015022, 10.1088/0264-9381/31/15/159501
[arXiv:1308.2319 [hep-th]].
[7] A. Conroy, A. Mazumdar, S. Talaganis and
A. Teimouri, Phys. Rev. D 92, no. 12, 124051 (2015)
doi:10.1103/PhysRevD.92.124051 [arXiv:1509.01247
[hep-th]].
[8] A. Teimouri, S. Talaganis, J. Edholm and A. Mazumdar,
JHEP 1608, 144 (2016) doi:10.1007/JHEP08(2016)144
[arXiv:1606.01911 [gr-qc]].
[9] S. Talaganis and A. Teimouri, arXiv:1701.01009 [hep-th].
[10] S. Talaganis, T. Biswas and A. Mazumdar, “Towards un-
derstanding the ultraviolet behavior of quantum loops
in infinite-derivative theories of gravity,” Class. Quant.
Grav. 32, no. 21, 215017 (2015) doi:10.1088/0264-
9381/32/21/215017 [arXiv:1412.3467 [hep-th]].
[11] S. Talaganis and A. Mazumdar, “High-Energy Scatter-
ings in Infinite-Derivative Field Theory and Ghost-Free
Gravity,” Class. Quant. Grav. 33, no. 14, 145005 (2016)
doi:10.1088/0264-9381/33/14/145005 [arXiv:1603.03440
[hep-th]].
[12] S. Talaganis, “Towards UV Finiteness of Infinite
Derivative Theories of Gravity and Field Theories,”
arXiv:1704.08674 [hep-th].
[13] S. B. Giddings, Subnucl. Ser. 48, 93 (2013)
doi:10.1142/9789814522489 0005 [arXiv:1105.2036
[hep-th]].
[14] D. N. Kabat and M. Ortiz, Nucl. Phys. B 388, 570 (1992)
doi:10.1016/0550-3213(92)90627-N [hep-th/9203082].
[15] E. Witten, ”Noncommutative Geometry and String Field
Theory,” Nucl. Phys. B 268, 253 (1986), P. G. O. Fre-
und and M. Olson, ”Nonarchimedean Strings,” Phys.
Lett. B 199, 186 (1987), P. G. O. Freund and E. Wit-
ten, ”Adelic String Amplitudes,” Phys. Lett. B 199, 191
(1987), L. Brekke, P. G. O. Freund, M. Olson and E. Wit-
ten, ”Nonarchimedean String Dynamics,” Nucl. Phys. B
302, 365 (1988), P. H. Frampton and Y. Okada, ”Effec-
tive Scalar Field Theory of P-adic String,” Phys. Rev. D
37, 3077 (1988).
